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In tracking a moving object such as a torpedo, a system 
that makes successive independent measurements of the object's 
position will typically report a track that is "bumpier" than the 
smooth track of the · object. Various methods can be used for track 
smoothing. The method used here (Kalman filtering) is optimal 
given certain assumptions about the measurements and the nature 
of target motion. One of those assumptions is that measurements 
should be a linear function of the state variables. In a previous 
report [2], a long baseline system where the linearity assumption 
was false was simulated. In this report, the measurements are of 
target position relative to an array, so that the linearity assump-
tion holds. Augmentation of the state vector to include array 
coordinates is preserved as in [2J. It is chiefly this augmenta-
tion that separates the present work from [l]; essentially, range 
calibration and target tracking are carried out simultaneously. 
The Simulation. 
The simulation is of two targets proceeding in opposite 
directions through a range consisting of six imperfectly positioned 
arrays separated by an approximate 2000 yard spacing. Figure 1 
shows the true positions of the arrays and the ti.me tracks of the 
targets, as simulated with a random number generator. The curved 
track segments have a radius of curvature of about (by eyeball) 
500 yards, which corresponds to an acceleration of 1.67 ft/sec/sec 
1 
at the assumed speed of 50 ft/sec. The filter is optimal for target 
motions of this type. It would have difficulty following signifi-
cantly tighter turns, and would not provide enough smoothing for 
straight line tracks. 
The filter was not given the array positions shown in 
Figure 1, but only a corrupted version that was obtained by adding 
a normally distributed error to each of the coordinates . For each 
array, the standard deviations of the X, Y and Z errors were 
./2 yds, /2 yds, and 1 yd, respectively. One of the objects of the 
simulation was to demonstrate that the filter will gradually figure 
out the true positions of the arrays . 
Each array was assumed to provide estimates of target 
position relative to itself for all targets within 1300 yards 
(circles in Figure 1). At a range of 1000 yards (R = 1000), 
the standard deviation of each of the three errors was assumed 
to be a= r.s = .7 yards. At other ranges, the formula 
a2 = .25 + .25(R/1000) 2 was used. All errors were assumed to be 
0,-mean and independent. This assumption is probably false, and 
could lead to optimistic predictions of filter perfonnance. 
Results. 
The filtered and unfiltered target tracks are not shown 
in Figure l because they would appear to be coincident with the 
true tracks on that scale. Figure 2 shows the variance in the 
error of the filter's estimate of the X-coordinate for the two 
2 
targets as a function of time. Four features are noteworthy: 
1) The curve for target 2 is higher than the curve for target 1. 
This is because target 2 is relatively far away from the 
sensors. 
2) Both curves evidence occasional steep drops followed by sub-
sequent rises. The "notches" correspond to periods when the 
target is within range of two sensors. 
3) Both curves are cup shaped between notches. The bottom of the 
cup corresponds to the closest point of approach to the sensor 
involved. 
4) Both curves exhibit an overall decreasing trend. This is 
because the filter has been simultaneously revising its 
estimates of sensor position. 
The quantity shown in Figure 2 can be thought of as the 
average of the squared x-error that would be observed over many 
sample runs. The sum of the squared X, Y, and Z errors 
{squared miss distance) for any particular run is of course not a 
smooth function of time, so that a graph is relatively uninforma-
tive. Suffice it to say that these errors are consistent with 
Figure 2, and that the filter rarely misses by as much as 2 yards. 
Roughly speaking, the filter estimates target position 
by estimating sensor position and then accepting the measurement 
of target position relative to the sensor substantially without 
modification. It does very little smoothing. This is also what 
Benson [11 found for maneuvering targets . If the sensor positions 
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were known perfectly in the first place, the only difference 
between filtered and unfiltered estimates would be that the 
filtered estimate would be the average of the unfiltered estimates 
when the target is within range of two arrays. The smoothing 
feature would be more active if the measurements were worse or 
if the target maneuvered less. 
Figure 3 shows the variance of the X-component of the 
error in estimating the location of Arrays 1 and 3 as a function 
of time. As in Figure 2, the sharp drops correspond to points 
where the target first encounters a new array, but there are no 
subsequent rises because the arrays are assumed to be stationary. 
2 Both arrays start out with variances of 2 yds . The variance of 
the X-component for Array l declines innnediately because the 
first target is initially within range of Arrays 1 and 2. The 
similar quantity for Array 3 does not decline until the first 
target reaches it , but nonetheless ends up being lower than 
Array 1 because Array 3 encounters both targets. 
It may appear from Figure 3 that the array variances 
would approach O if the two targets would continue to provide 
measurements by (for example) patrolling back and forth within 
the range. This is not true, however. The reason is that the 
location errors have become correlated by the end of the run. 
Correlation coefficients range from almost . 1 for adjacent arrays 
in the center to .57 between Arrays 1 and 6 . Each array would 
eventually be located to within some error that is common to all 
4 
arrays. This is natural, since all measurements are of position 
differences, and neither the array nor the target can be located 
in an absolute sense from such measurements. 
one of the advantages of the augmented state vector is that 
it permits a graceful recovery from array failure. After insert-
ing the new or repaired array, the state vector is changed to 
reflect the new estimate of array location, and the covariance 
matrix is changed to reflect the accuracy of insertion, with zero 
covariance terms with other arrays if the insertion measurements 
are absolute. Subsequent use of the range will cause revisions 
in the array part of the state vector. This process was not 
simulated, however. 
The amount of computation time is an important issue, 
since the computations must be done in real time. In the simula-
tion, the amount of time required by the filter per measurement 
was about 7 rnsec. This includes the 3 - cr outlier rejector ; 
Kalman gain computations, and the updates of the state vector 
and covariance matrix for all three coordinates. The filter was 
written in FORTRAN in scalar arithmetic without subroutines, 
and the machine involved was the NPS IBM 360/67. 
5 
Swnmary. 
1) At least for targets that maneuver as much as those in this 
simulation (see Figure 2), a Kalman filter will do very little 
smoothing of the target track. 
2) Augmentation of the state vector worked in this simulation 
as a device for preventing tracking jumps during array 
switches, and of gradually improving array location estimates. 
3) The amount of time required to carry out computations with 
the augmented state vector (7 msec) is small compared to the 
1200 msec time between pulses. 
6 
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